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We calculate the renormalized vacuum average of the energy-momentum tensor of massless left-
handed spinor field in the pointlike global monopole spacetime using point-separation approach. The
general structure of the vacuum average of the energy-momentum tensor is obtained and expressed
in terms of < T 00 >




It is well-known that dierent types of topological objects may have been created by vacuum phase tran
the early Universe [1,2]. These include domain walls, cosmic strings and monopoles. Among them, cosmic st
monopoles seem to be the best candidates to be observed.
Global monopole is a heavy object formed in the phase transition of a system composed of a self-coupli
eld triplet a whose original global O(3) symmetry is spontaneously broken to U(1). The scalar matter 
the role of an order parameter which outside the monopole core acquires a nonvanishing value. The main p
monopole’s energy is concentrated into its small core. The simplest model which gives rise to a global mo





aa − 2)2 ;
Coupling this matter eld with the Einstein equations, a spherically symmetric metric tensor given by the lin
ds2 = −B(r)dt2 + A(r)dr2 + r2(d2 + sin2 d’2) ;
presents solutions for the functions B(r) and A(r) far from the monopole’s core given by
B = A−1 = 1− 82 − 2M=r :
The mass parameter M  Mcore. Numerical details concerning with this function can be seen in Ref. [4]. N
the mass term we get the pointlike global monopole spacetime with metric
ds2 = −2dt2 + dr2=2 + r2(d2 + sin2 d’2) ;
where the parameter 2 = 1 − 82. The energy momentum tensor of this monopole has diagonal form a
T tt = T
r
r = (
2 − 1)=r2 and T θθ = T ϕϕ = 0. The main peculiarity of this space is a solid angle decit wh
dierence between the solid angle in the flat spacetime 4 and the solid angle in the global monopole spaceti
is given by 42. For  < 1 one has solid angle decit and for  > 1 one has the solid angle excess. (W
like to call attention that the physical values for  predicted by eld theory is smaller than unit1). The s
produced by a global monopole has no Newtonian gravitational potential in spite of the geometry produce
heavy object has a non-vanishing curvature. For this reason the mass of the monopole is divergent and pro
to the distance from monopole origin [3]. In context of the monopole formation the cosmological horizon is
cuto distance for the monopole’s mass.
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1In fact for a typical grand unified theory the parameter η is of order 1016Gev. So 1− α2 = 8piη2  10−5
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Although the global monopole has no Newtonian gravitational potential it gives enormous tidal acceleration
which is important from the cosmological point of view and may be used for obtaining upper bound on th
density of them in the Universe, which is at most one global monopole in the local group galaxies [5]. How
numerical simulations made by Bennet and Rhie show that real upper boundary is smaller than that given
many orders [6]. In fact, one has scaling solution with a few global monopoles per horizon volume [6].
The quantum eects due to the monopole background in the matter elds have been considered explicitly
eld in Ref. [7] and by general consideration in Ref. [8]. It has been shown from general consideration that th
expectation value of the energy-momentum tensor of massless elds has the following general form





where the tensor Sνµ depends on the arbitrary mass scale parameter  and the metric coecient . In R
has been assumed that the tensor Sνµ is the function of the metric parameter , only. Manifest calculations
case have shown [7] that this tensor depends on renormalization mass parameter  and it has the following
Sνµ = Aνµ + Bνµ ln r, where tensors Aνµ and Bνµ depend only on the . This is in agreement with Wald [9] w
that an unambiguous prescripton for < T νµ >
ren cannot be dened without introducing a length scale. Nev
one-loop Einstein equations do not depend on scale parameter  due to renormalization group equation. Back
problem in the scalar massless case has been investigated by Mazzitelli and Lousto [7]. It must be noted
the general structure of vacuum expectation value of the energy-momentum tensor has been considered.
was not obtained an explicit form of the tensor Sνµ.
In this paper we would like to obtain the explicit value of this tensor, considering the massless spinor e
background of the pointlike global monopole with metric given by Eq.(4). As opposed to the massless scalar
[7] we get a simpler expression for the Green function and the energy-momentum tensor which is obtained
form, for arbitrary angle decit.
The analysis of the quantum behavior of two massless left-handed SU(2) doublets fermionic eld in the ba
of a pointlike monopole, taking into account the magnetic eld, has been developed by Ren [10]. There, the
and Callan eect was analysed, and found that there appears a small correction due to the parameter 
fermion number condensate.
This paper is organized as follows. In Sec. II we consider the Green functions for massive and massless spi
on the background of the pointlike global monopole and obtain, in closed form, the Euclidean Green fun
massless left-handed spinor eld. In Sec. III we analyze this function at coincidence limit and extract all div
from it in manifest form. We obtain also the general structure of renormalized energy-momentum tenso
component of this tensor may be expressed in terms of only the zero-zero component < T 00 >
ren which is
with great details. In Sec. IV we summarize our results. Appendices A and B contain some technical formu
signature of the spacetime, the sign of Riemann and Ricci tensors are the same as in Christensen paper [17
units h = c = G = 1.
II. SPINOR GREEN FUNCTIONS
In this section we want to obtain the expression for the fermion propagator of massive spinor eld in the
monopole spacetime. Massless eld will be recognized as particular case. The spinor Feynman propagator
as follows [11]
iSF (x; x0) =< 0jT (Ψ(x)Ψ(x0))j0 > ;
where Ψ = Ψ+γ0 which, under the Lorentz transformation Ψ ! S(4)Ψ, transforms as Ψ ! ΨS−1(4), wh
the parameter of the transformation, and S(4) is a local representation of the Lorentz group.
This propagator obeys the following dierential equation
(i 6r −M)SF(x; x0) = 1p−g 
(4)(x− x0)I4 ;
where g = det(gµν). The covariant derivative operator in the above equation is
6r = eµ(a)γ(a)(@µ + Γµ) ;





ab = gµν ;
and Γµ is the spin connection, given in terms of the flat spacetime γ-matrix by
Γµ = −14γ
(a)γ(b)eν(a)e(b)ν;µ :
The Green function given in (7) is a bispinor, i.e. it transforms as Ψ at x and as Ψ at x0.
If a bispinor DF(x; x0) satises the dierential equation below
(2−M2 − 1
4
R)DF (x; x0) = − 1p−g 
(4)(x− x0)I4 ;
where the generalized d’Alembertian is expressed by
2 = gµνrµrν = gµν(@µrν + Γµrν − Γαµνrα) ;
then the spinor Feynman propagator may be read as
SF (x; x0) = (i 6r+ M)DF (x; x0) ;
which shows that the non-minimal coupling to the curvature does play a role when spinor elds are conside
Now after this brief review about the calculation of spinor Feynman propagator in the general manifo
specialize it to the spacetime of a global monopole. We shall choose the following basis tetrad:
eµ(a) =
 1= 0 0 00  sin  cos’ cos  cos’=r − sin’=r sin 0  sin  sin ’ cos  sin ’=r cos’=r sin 
0  cos  − sin =r 0
 :




[γ(1)γ(2) cos’ + γ(2)γ(3) sin ’] ;
Γ3 = −1− 2 [γ
(1)γ(2) sin  + γ(1)γ(3) cos  sin’− γ(2)γ(3) cos  cos’] sin  :
If we had made another choice for the vierbein, for example eµ(a) = diag(1=; ; 1=r; 1=r sin ), the only non-
connection would be Γ2 = −γ(1)γ(2)=2 and Γ3 = −[γ(1)γ(3) sin  + γ(2)γ(3) cos ]=2. Although this tetradi
simpler than previous one given in (14), the spin connection obtained by the former does not vanish when
Minkowski limit  = 1.
In order to obtain the explicit form for the dierential equation for the bispinor DF given in (11) in this












k being the 2 2 Pauli matrices. These matrices above obey the anticommutator relations fγ(a); γ(b)g = −
After some intermediate steps, we get the following expression for the d’Alembertian operator




















From the above operator we can see that, although it is a 4  4 matrix dierential one, it is diagonal in
2  2 matrices, which means that the two upper components of Dirac spinor interact with the gravitationa
the similar way as the two lower components.
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The complete dierential operator in Eq. (11) is








~L2 − 1− 
r2
(1 + ~  ~L)−M2 :
Now we shall consider the case where the fermionic eld has no mass. In this case we are able to obtain
expression for the fermionic propagator as follows.
The system which we shall consider consists of a massless left-handed fermionic eld in a global monopole
The Dirac equation reduces to a 2 2 matrix dierential one, as shown below:
















with (r) = ~  ~^r ; (θ) = ~  ~^ ; (ϕ) = ~  ~^’, where ~^r ; ~^ and ~^’ are the standard unit vectors along the thr
directions in spherical coordinates.
The Feynman two-component propagator obeys the equation
i 6DLSF (x; x0) = 1p−g 
(4)(x− x0)I2 ;
and can be given in terms of the bispinor GF by
SF (x; x0) = i 6DLGF (x; x0) ;
where now, GF(x; x0) obeys the 2 2 dierential equation
LGF (x; x0) = − 1p−g 
(4)(x− x0)I2 ;
with








~L2 − 1− 
r2
(1 + ~  ~L) :
The vacuum average value of the energy-momentum tensor may be expressed in terms of the Euclidean Green
which is simpler than the ordinary Feynman Green function. They are connected by the relation [11] GE(; ~r
−iGF (x; x0), where t = i . In the following we shall consider the Euclidean Green function. In order to nd a
for the bispinor GE (x; x0), we shall obtain the solution for the eigenvalue equation
Lλ(x) = −2λ(x) ;








Due to fact that our operator (25) is self-adjoint, the set of its eigenfunctions constitutes a basis for the Hilb
associated with two-component spinors. Moreover, because operator L is a parity even operator, its eigen
present a dened parity, so the normalized eigenfunctions can be written as:

(1)
λ (x) = e
−iEτf (1)(r)’(1)j,mj (; ’) ;

(2)
λ (x) = e
−iEτf (2)(r)’(2)j,mj (; ’) ;











= −(1 + (1,2))’(1,2)j,mj ;
with (1) = −(l + 1) = −(j + 1=2) and (2) = l = j + 1=2. Explicit form of above standard function are give
[12], for example.
























where Jν is the Bessel function of rst kind. We can see that for Minkowski spacetime where  = 1
1 = 2 = l + 1=2.





















Finally, substituting our result for the two-component spinor (k)λ given by (31) and (32) into (33) we obt
the help of Ref. [13], an expression for the Euclidean Green function


















0). Again we can see that in Minkowski limit, for  = 1, 1 = 2 = l + 1=2 and we get




where we have used the relation envolving the sum of Legendre functions and polynomials [13]. Here M
(42 + (~r − ~r0)2)=2 is one-half the square of geodesic distance between x and x0 in the flat Euclidean space
Now in order to obtain the Green function SF let us go back to Eq. (34). Using (23) we have




@t − (r)@r + 1
r




GF (x; x0) :
III. VACUUM EXPECTATION VALUES
Now let us proceed with the calculation of the vacuum expectation value (VEV) of the energy-momentu
Initially, we would like to discuss the general structure of this tensor. As it will be seen later and has alre
discussed in scalar case in Ref. [7], the renormalized VEV of the energy-momentum tensor has the following












where the tensors Aνµ and B
ν
µ depend on the metric parameter , only. The scaling parameter  appe
renormalization procedure. Obviously these tensors are diagonal and the component Aθθ = A
ϕ
ϕ and Bθθ =
to spherical symmetry of the problem. Therefore we have six unknown components. The renormalized VE
energy-momentum tensor must be conserved, i.e.,
< T νµ >
ren
;ν = 0 ;
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and gives the right conformal anomaly [14], which for massles spinor two-component eld, reads [15]








Taking into account Eqs.(38), (39) we may express tensors Aνµ and B
ν
µ in terms of the zero-zero components
and the trace T by:
Aνµ = diag(A
0
0 ; −T + A00 + B00 ; T −A00 −
1
2







Therefore our problem now is to obtain the zero-zero components A00 and B00 . Using the point-splitting appr






tr [µ(rν −rν′) + ν(rµ −rµ′ )]SF (x; x0) ;
by means of which we have










@2τ tr(GE (x; x0)) :
The rst term with time derivative in Eq. (36) gives non-zero contribution in the zero-zero component of th
momentum tensor, only. Indeed, the Euclidean Green function (34) is proportional to the unit matrix I2 aft
the coincidence limit Ω0 = Ω and sum over mj . The same is true for the third term in (36) due to Eq.
obtain zero contribution from these terms because Pauli matrices are traceless. In above expression we have
that the Green function (34) depends on the 4 and hence @τ ′GE = −@τGE .
Taking the coincidence limit Ω0 = Ω ; r0 = r into Eq. (34), summing over mj and after using the
representation for the Legendre function [13], it is possible to develop the sum over j, which is geometric s
we arrive at the following formula for the Euclidean Green function




















In the case when only the angular variable Ω0 = Ω coincides, we shall get the same formula for Green func
with  = (242 +4r2=2)=2 and r2 ! rr0.
The Green function (44) is divergent in the coincidence limit b ! 0. For renormalization in the massless
more suitable to subtract from the Green function (44) the Green function in the Hadamard form given b
Refs. [16,9])





















In order to obey the conservation law (38) we must subtract from the energy-momentum tensor additional con
gµνtra2=642 according to Wald [9]. The general form of the coecients ak may be found in Ref. [17] an
global monopole spacetime they have the following form
4 = 1 ; a0 = I2 ; a1 = −1− 
2
6r2




From our expression for the Green function (44), it is possible to extract all divergencies in manifest form. T
let us consider the rhs of Eq. (44). We divide the integral in two parts - rst one from b to unit and second

























































and its two derivatives with respect to time  are nite in the coincidence limit b ! 0. All divergencies are c




























Expanding this expression in the power series over b up to the terms which will survive after taking th










































We see that the divergent part of this expression has the Hadamard form given by Eq.(46). The next powe































I2 + O(2) :
Taking into account all above formulas we obtain the following expression for the renormalized Green funct
82GEren = 82[GE(4; r) − GHE (4; r)]
































where V fin1 and V2 are given by eqs. (51) and (54), respectively. Plugging this expression for the renormaliz










































where the prime means the derivative with respect to x. In this expression we have already taken into
additional contribution −tra2=642.
Now we have explicit expressions for zero-zero components A00 and B
0
0 for arbitrary values of . Let us an
component (see Appendix B for details).
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ln  + C0 ; C0 = 0:0104 :
2. For small solid angle decit (excess) (j − 1j  1):
A00  C1(1− ) ; C1 = 0:0773 :
3. The large solid angle excess (  1):
A00  −C14 ; C1 = 0:0173 :

















0.5 1 1.5 2
FIG. 1. Zero-zero component A00 and distance R0 where the component < T
0
0 >
ren of energy-momentum tensor c
sign, are plotted as function of the metric parameter α
Now, we would like to compare our results with the similar one for the VEV of the energy-momentum ten
massless spinor eld in the innitely thin cosmic string spacetime with line element, in cylindrical coordinat
given by
ds2 = −dt2 + d2 + 
2
2
d’2 + dz2 :
In Ref. [18] has been obtained the following result
T νµ =
(2 − 1)(72 + 17)
1440  424 diag(1; 1; 1;−3) :
In this case there is no the logarithmic contribution because this spacetime is locally flat. Therefore we may
now the A00 given by Eq. (57) for global monopole spacetime with the analogous one for innitely thin cosm
spacetime which is given by expression
A00(cs) =
(2 − 1)(72 + 17)
720
:
To do so, we have to change the radial variable r =  because in this coordinate system the section  = 
monopole spacetime (4) coincides with section z = const of the innitely thin cosmic string spacetime (62
8
parameter  = 1=. Therefore we may compare A00(cs)() with (A
0
0(gm)()=
4)α=1/ν . We have qualitative a
of both these quantities. For   1 they go to negative constant; for small angle decit they are propor
 − 1; for   1 we have A00(cs)  4 and [4A00(gm)(1=)]  4[ln  + 60C0]. Both of these quantities change
at point  = 1.
The dependence of < T 00 >ren on the distance from origin in the global monopole spacetime is competely
from the case of the innitely thin cosmic string due to the logarithmic term. Let us consider the physical
R = r= measured in a mass scale . Then, the < T 00 >ren measured in units 4 has the form








where R0 = exp(−A00=B00). In the case  < 1 the energy density < T 00 >ren is positive in the domain R 2 (
changes the sign in the point R = R0 and goes, through the minimum at point R = R0e1/4, to zero in in
the case  > 1 we have opposite picture with maximum at the point R. The dependence of R0 on the  is
the Fig.1. For small  it is proportional to 1= and it goes to constant for great .
IV. CONCLUSION
In this paper we have considered the quantum, a 1=2-spin left-handed eld in the background of a pointli
monopole described by the metric tensor given in (4). More specically, we have obtained the complete
propagator, expressed in terms of a bispinor, in a closed form. Dierently from the results obtained in R
scalar eld, in this analysis there appears two eective angular total quantum numbers, which we call by 




and they have the following form 1 = (l + 1)= − 1=2 and 2 = l= + 1=2. For the scalar case the
orbital quantum numbers take a simple form only under specic situation [7], namely for  = 1=8.
The main goal of this work was to obtain the renormalized vacuum expectation value of the energy-m
tensor. Because all components of the VEV of the energy-momentum tensor can be expressed in terms of its
component, we used only the Euclidean Green function at the coincidence limit Ω0 = Ω and r0 = r. In thi
order to obtain the regularized expression for < T 00 >, we were able to subtract all divergencies in a manife
After the renormalization, the Green function (56) depends on the scale parameter  which leads to l
contribution to the energy-momentum tensor given by Eq.(37). But, as it was noted in Ref. [7] the one-loop
equations
Rµν − 12Rgµν + 1
(1)Hµν + 2(2)Hµν = 8fT clasµν + < Tµν >reng ;
do not depend on this parameter due to the renormalization group equations for the coecients 1 and
variation of the scale parameter  may be absorbed by variation of the k.
Taking into account the conservation law (38), the expression for conformal anomaly (39) and the spherica
try of problem we expressed all components of energy-momentum tensor in terms of zero-zero component (4
has the form












where A00 and B
0
0 are given by eqs. (57) and (58). The component A
0
0 depicted in Fig.1 as a function of ,
qualitatively agreed with similar one in the innitely thin cosmic string spacetime.
The scaling parameter  leads to the logarithmic contribution in the energy-momentum tensor (67). For th
< T 00 >
ren changes its sign in some point R0 and has the extremum at the point R = R0e1/4. The depen
R0 on the  is depicted in the Fig. 1.
Before we nish this paper we would like to make a brief comment about some results previously obtain
literature related with quantum calculation of the energy-momentum tensor T νµ in the spacetime of a pointli
monopole. Hiscock, in Ref. [8], using general consideration, obtained a formal expression for the vacuum ex
value of the energy-momentum tensor for an arbitrary collection of conformal massless elds in this manifol
Mazzitelly and Lousto, in Ref. [7], developed the explicit calculation for renormalized vacuum average of th
of a massless scalar quantum eld and also, by general consideration, infered the structure for T νµ which
with the Hiscock’s results and manifestly depends on the scale parameter . This is in agreement with
9
consideration by Wald in Ref. [9]. In our paper we obtained the explicit expression for vacuum average
the energy-momentum tensor for a massless fermionic eld in this manifold, giving the complete informati
this tensor in terms of A00 and B
0
0 . We also have analyzed the behaviour of these functions with the para
and the dependence of T 00 with the physical distance R. Finally we want to say that our expression for VE
energy-momentum tensor depend on the scale parameter , in agreement with Ref. [9], due to the appear
logarithm term, which is a consequence of the regularization procedure. This term is responsible for the ch
the sign of the vacuum energy-momentum tensor when we vary the physical distance R.
The explicit expression for the massless left-handed two-component spinor Green function, is obtaine
background of global monopole spacetime. It is our interest to develop a similar calculation for the massive
also obtain the vacuum average for the energy-momentum tensor.
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APPENDIX A
In order to nd derivatives of V fin1 with respect to b we have to change variable x ! bx because integran






































































































Using the above formulas in (56) and (43), we get the following expression for < T 00 >
ren














































tra2 − 18tra2 :
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Because we have used for renormalization of the Green function in the Hadamard form (46) the last term
added in order to obey conservation law (38) according to Wald [9] . Integrating two times by parts we arri
formula (57); the last two terms in (A8) are cancelled.
APPENDIX B



































f2 = f1 − 215(1− 




1. Case   1.





















The rst and second integrals are nite in the limit  ! 0 (after changing x ! x) and the last integ









































2. Case j− 1j  1. There is no problem to expand A00 near the point  = 1 and we get:






ln 2 = 0:0773
3. Case   1. In this case
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